In this paper, we will study enumeration of hypergraphs. Let S p be a symmetric group acting on a p-setX . It induces the permutation group S * p acting on the set of all subsets of X . Our problem is reduced to finding a good formula for the cycle index of S * p . A crucial point is to calculate the cycle inventory of the permutation induced by a single cycle. Their formulas are given inductively. We will give the cycle index of S * p explicitly and concretely. We will find a relation between the cycle inventory of the induced permutation and the number of convex k-gons of a given regular p-gon and obtain the formula for its cycle inventory.
INTRODUCTION
Let X = {x 1 , . . . , x p } be a finite set. Let X (k) be the set of all k-subsets of X for 1 ≤ k ≤ p and X (0) = ∅. Put P(X ) = ∪ p k=0 X (k) . Then each subset of P(X ) represents a hypergraph, which may have loops and the empty edge, but which does not have multiple edges [1] . Let S p be the symmetric group acting on X . For each k with 0 ≤ k ≤ p, S p induces the permutation group acting on X (k) , which is denoted S (k) p . We also denote by S * p the induced permutation group acting on P(X ). The number of hypergraphs of order p is the number of S * p -equivalent classes. An element σ * ∈ S * p splits into cycles. Let c(σ * , i) denote the number of i-cycles of σ * . The cycle index of the permutation group S * p is defined to be . . . ,
where | S * p | is the number of elements in S * p . Let g p (x) be the generating function for hypergraphs with p vertices, so that the coefficient of x q is the number of hypergraphs with q edges. Then we have, as an application of Polya's enumeration theorem (see [2, 4, 7] )
Enumeration of hypergraphs has been studied by several authors. The fundamental work was done by N. G. de Bruijn and D. A. Klarner [2] . A formula for Z (S * p ) was first given by S. Y. Wu [7] , but his formula is rather complicated and it is not easy to compute for large p. We will give a more compact formula for Z (S * p ) in the next section. The generating function for hypergraphs with multiple edges is also given bŷ
The number of hypergraphs with multiple edges has already been given by I. T. Skibenko [6] by another method. Let Y be a set of q edges. The incident matrix of a hypergraph with p vertices and q edges is represented as a mapping f : X × Y → {0, 1}. Let the permutation group S p act on X and the permutation group S q act on Y . Isomorphisms of hypergraphs with multiple edges are given by permutations of the group S p × S q acting on the Cartesian product X × Y . He showed that the number of hypergraphs with p vertices and q edges † Author to whom correspondence should be addressed. 
ENUMERATION OF HYPERGRAPHS
For a permutation σ in S r , the symmetric group of degree r , let c(σ, i) denote the number of i-cycles in the disjoint cycle decomposition of σ and 
where the sum is taken over all β = (β 1 , β 2 , . . . , β n ) such that β i = 0 or 1, and |β| = n i=1 β i . We also put µ(1) = 2. In the next section, we shall show the following. THEOREM 1. Let σ ∈ S r be an r -cycle and σ * ∈ S * r the permutation induced by σ . The cycle inventory of σ * is given by
where the product is taken over all factors of r .
In the following, for a single cycle σ of length r , we denote the cycle inventory of the induced permutation σ * by z r = Z (σ * ). For example, from the above theorem, we obtain
. . , x r } and X 2 = {y 1 , y 2 , . . . , y s } be finite sets such that X 1 ∩ X 2 = ∅. Let S r (respectively S s ) be the symmetric group acting on X 1 (respectively X 2 ). Put X = X 1 ∪ X 2 . Let S r +s be the symmetric group acting on X . For any σ 1 ∈ S r and σ 2 ∈ S s , σ 1 σ 2 acts on X and σ 1 σ 2 ∈ S r +s . Now we have
PROOF. Let τ 1 (respectively τ 2 ) be an 1 -cycle (respectively 2 -cycle) in the disjoint cycle decomposition of σ * 1 (respectively σ * 2 ); τ 1 (respectively τ 2 ) may be expressed as
-cycles under the action of σ 1 σ 2 . In this manner, each pair of a cycle τ 1 in the disjoint cycle decomposition of σ * 1 and a cycle τ 2 in the disjoint cycle decomposition of σ * 2 constructs cycles in the disjoint cycle decomposition of (σ 1 σ 2 ) * ; we obtain the result.
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where the sum is over all partitions ( j) = ( j 1 , j 2 , . . . , j p ) such that p = p r =1 r j r , and h( j) = p!/ p r =1 r j r j r !. Hence, we obtain the following. THEOREM 2. The cycle index of S * p is given by
where the sum is taken over all partitions
r =1 r j r j r !, and z r is given by Theorem 1. Using Theorem 1, we can easily calculate the cycle inventories z r ; for instance Applying Lemma 1, we obtain The above formulas for Z (S * 1 ), Z (S * 2 ), Z (S * 3 ) and Z (S * 4 ), have already been given by S. Y. Wu [7] . He also gave g p (x), for p = 1, 2, 3, 4. We can obtain easily 
PROOF OF THEOREM 1
Let σ ∈ S p be a p-cycle acting on X . We denote by σ k ∈ S (k) p the restriction to X (k) of the permutation σ * ∈ S * p induced by σ . Then we have
In order to calculate Z (σ k ), we investigate convex k-gons formed from the vertices of a regular p-gon. A one-gon means a vertex and a two-gon means an edge joining a pair of vertices. A zero-gon is also an empty set. An element in X (k) can be represented by a p-tuple in the product {0, 1} p . We represent a subset {x i 1 , . . . , x i k } by a = (a 1 , . . . , a p ) , where a i 1 = 1, . . . , a i k = 1 and all other a i s are zeros. We may assume σ = (1, 2, . . . , p) . Then σ induces the rotation of angle 2π/ p, σ (a 1 , . . . , a p ) = σ  *  (a 1 , . . . , a p ) = (a p , a 1 , . . . , a p−1 ) . We take a regular p-gon whose ith vertex represents a i . Then, we may consider that an element in X (k) p is a convex k-gon formed from the vertices of the regular p-gon. Then the rotation σ transforms a convex k-gon to a convex k-gon and is naturally considered as a permutation σ k acting on X (k) . For each m, 1 ≤ m ≤ p, the permutation σ m induces the rotation of angle 2πm/ p. Let a represent a convex k-gon. If there is some m, (1 ≤ m ≤ p) such that σ m k a = a and there is no n(1 ≤ n < m) such that σ n k a = 1, we call a an essentially σ m k -invariant convex k-gon. For 1 ≤ k ≤ p, two k-gons are considered essentially different when they do not arise from each other by rotation. In other words, the set of all k-gons is split into classes, where each class contains k-gons arising by rotation from each other. Each class represents a different k-gon. Let A( p, k) be the number of essentially different convex k-gons formed from the vertices of a regular p-gon. Then it is well known (see the solution of Problem 23(a), Section 3, in [5] ) that
where φ(m) is the Euler function. We show the following. THEOREM 3. Let σ ∈ S p be a p-cycle acting on X . For 1 ≤ k ≤ p, let σ k be the permutation acting on X (k) induced by σ . Then we have 
From now on, we as- 
In the above proof of Theorem 3, for a factor m of p, let m be a factor of m. Then any
